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Abstract
Let F be a convex ﬁgure with area |F | and let G(n, F ) denote the smallest number such that from any n points of F we can get
G(n, F ) triangles with areas less than or equal to |F |/4. In this article, to generalize some results of Soifer, we will prove that for
any triangle T, G(5, T ) = 3; for any parallelogram P, G(5, P ) = 2; for any convex ﬁgure F, if S(F ) = 6, then G(6, F ) = 4.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let K be a closed convex region in a plane with area |K|. For any triangle A1A2A3, denote its area by |A1A2A3|.
Let
(A1A2 · · ·An) = min{|AiAjAk| |1 i < j < kn},
Hn(K) = 1|K| max{(A1A2 · · ·An)|Ai ∈ K; i = 1, . . . , n}.
If K is a disc or square and c is a constant, in 1950, Heilbronn conjecture that
Hn(K)< c/n
2
.
In 1982, Komlós with others negatived the above conjecture and proved that
Hn(K)> c(log n)/n2,
for some constant c.
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Among any six points located inside or on the sides of a given square C of area 1, there is at least one triangle with
vertices from these points and with area 18 or less. In 1972, Goldberg posed the above assertion without proof [3].
All these similar problems probing the relationship between points and triangles in a certain convex ﬁgure are known
as Heilbronn-type problems. Heilbronn-type problems stimulated plenty of research [1,4–9].
In 1987, Soifer considered this kind of problem from a different point of view and posed the following problem for
n = 9, 7, 5 and n = 4, respectively [11,10].
Among any n points located inside or on the sides of a given triangle T of area 1, are there always three points which
are vertices of a triangle of area 14 or less?
The answer for n = 9, 7, 5 is Yes and for n = 4 is No. In 1989, he deﬁned the following function S(F ) for any
geometric ﬁgure F.
Deﬁnition 1. Given a ﬁgure F, let S(F ) denote the minimal positive integer n, such that among any n points located
inside or on the boundary of F there are always three points that form a triangle of area |F |/4 or less, where |F | denotes
the area of F.
By Deﬁnition 1, the solution of Soifer’s problem for triangle can be restated as follows.
Theorem A. For any triangle T,
S(T ) = 5.
The values of S(F ) for other geometric ﬁgures are also investigated in [11].
Theorem B. For any parallelogram P,
S(P ) = 5.
Theorem C. For any regular pentagon F,
S(F ) = 6.
The value of S(F ) for any convex ﬁgureF has been investigated bymany people. Erdös alsomademany contributions
to these problems: he generalized Soifer’s notions and posed vastly more general problems (see [10, Chapter 10]).
After many people’s endeavor, Soifer discovered that the function S(F ) is quite amazing:
Theorem D (Soifer [10]). For any convex ﬁgure F,
S(F ) = 5 or 6.
Thus all convex ﬁgures can be divided into two classes. Describing the character of a convex ﬁgure F when S(F )=5
or S(F ) = 6 is still a difﬁcult and interesting open problem.
Erdös–Soifer’s article [2] contains a vast generalization of these problems.
In this article, we strengthen Theorems A–C and get some more general results.
In the following statement, we denote the area of a ﬁgure F by |F |.
Deﬁnition 2. Given a convex ﬁgure F and a positive integer n, let G(n, F ) denote the minimal positive integer m, such
that for any n points located inside or on the boundary of F, there are always m triangles with vertices from these points
and whose areas are |F |/4 or less.
By this deﬁnition, we can obtain the equivalent versions of Theorems A–D, respectively.
For any triangle T, if
G(n, T )1,
then the minimal positive integer n is 5.
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For any parallelogram P, if
G(n, P )1,
then the minimal positive integer n is 5.
For any regular pentagon F, if
G(n, F )1,
then the minimal positive integer n is 6.
For any convex ﬁgure F, if
G(n, F )1,
then the minimal positive integer n is 5 or 6.
The main results of ours are the following three theorems.
Theorem 1. For any ﬁve points located inside or on the boundary of a triangle T,
G(5, T ) = 3.
Theorem 2. For any ﬁve points located inside or on the boundary of a parallelogram P,
G(5, P ) = 2.
Theorem 3. For any six points located inside or on the boundary of a convex ﬁgure F such that S(F ) = 6,
G(6, F ) = 4.
The paper is organized as follows. In the remaining part of the introduction we sketch the proof of Theorems 1, 2,
3, respectively; the complete proof will occupy Sections 2, 3, 4, respectively. Appendix A is devoted to the proof of
Lemma 1.
Here is a sketch of the proof of Theorem 1. This proof is divided into three cases by the convex hull of the given ﬁve
points. Lemma 1 is our main ingredient in the proof of Theorem 1.
Secondly, we give a sketch of the proof of Theorem 2. At ﬁrst, the given parallelogram is divided into four small
congruent parallelograms. Thus by the relationship of the given ﬁve pointswith the four small congruent parallelograms,
we prove our theorem through two cases. In the second case, three sub-cases occur by the convex hull of the given ﬁve
points.
Finally, we give a sketch of the proof of Theorem 3. Here the reduction to absurdity is our main ingredient. We prove
the equality in our theorem by two inequalities. In the proof of our second inequality, we discuss the problem in four
cases according to the convex hull of the given six points. In each case, some sub-cases may occur by the relationship
of given points with the triangles with vertex from the given points.
At the end of each proof of the corresponding theorem, by a example, we show that our result is optimal.
2. Proof of Theorem 1
In the proof of Theorem 1, the following lemma will be useful.
Lemma 1. Suppose that a convex quadrilateral A1A2A3A4 is enclosed in the triangle ABC and the area of ABC is
1, then there must exist a triangle with vertices from {A1, A2, A3, A4} such that its area is 14 or less.
We give a proof of Lemma 1 in Appendix A.
Suppose the given ﬁve points are {A1, A2, A3, A4, A5}. Corresponding to the convex hull of {A1, A2, A3, A4, A5},
three cases have to be considered.
Case 1: The convex hull of {A1, A2, A3, A4, A5} is the pentagon A1A2A3A4A5.
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Using Lemma 1 twice, we can get that there exist two triangles with areas 14 or less. Without loss of generality, we
assume that the following two sub-cases occur.
(i) If |A1A2A3| 14 and |A1A2A4| 14 , then by Lemma 1, we know that among |A1A3A4|, |A1A3A5|, |A3A4A5| and
|A1A4A5|, there is at least one less than or equal to 14 .
(ii) If |A1A2A3| 14 and |A1A4A5| 14 , then by Lemma 1, we know that among |A2A3A4|, |A2A3A5|, |A2A4A5| and
|A3A4A5|, there is at least one less than or equal to 14 .
Case 2: The convex hull of {A1, A2, A3, A4, A5} is the quadrilateral A1A2A3A4 (see Fig. 1).
Denote the intersection of A1A3 and A2A4 by P. Without loss of generality, we suppose that A5 is in the interior
of PA3A4. By Lemma 1, we know that among |A1A2A3|, |A2A3A4|, |A1A3A4| and |A1A2A4|, there is at least one
less than or equal to 14 .
(i) If |A2A3A4| 14 , then |A2A3A5|, |A3A4A5| and |A2A4A5| are all less than or equal to 14 .
(ii) If |A1A3A4| 14 , then we can get the result by the same argument as (i).
(iii) If |A1A2A4| 14 , then by Lemma 1, among |A1A2A3|,|A2A3A5|, |A1A3A5| and |A1A2A5|, there is at least one
less than or equal to 14 .
(a) If |A1A2A5| 14 or |A2A3A5| 14 , it follows from
|A1A4A5| + |A1A3A5| + |A4A3A5| + |A1A2A3|1
that among |A1A4A5|, |A1A3A5|, |A4A3A5| and |A1A2A3|, there is at least one less than or equal to 14 .
(b) If |A1A2A3| 14 or |A1A5A3| 14 , it follows from
|A1A2A5| + |A2A3A5| + |A3A4A5| + |A4A1A5|1
that among |A1A2A5|, |A2A3A5|, |A3A4A5| and |A4A1A5|, there is at least one less than or equal to 14 .
(iv) If |A1A2A3| 14 , then we can get the result by similar argument as (iii).
Case 3: The convex hull of {A1, A2, A3, A4, A5} is the triangle A1A2A3 (see Fig. 2).
Without loss of generality, we assume that A4, A5 ∈ A1A2A3 and that A1A2A4A5 is a convex quadrilateral. Then
we deal with three sub-cases.
(i) If two of |A1A3A4|, |A3A4A5| and |A2A3A5| are less than or equal to 14 , then by Lemma 1, one of |A1A4A5|,
|A4A5A2|, |A5A2A1| and |A1A2A4|, is less than or equal to 14 .
(ii) If one and only one of |A1A3A4|, |A3A4A5| and |A2A3A5| is less than or equal to 14 , then it follows from
|A1A3A4| + |A3A4A5| + |A2A3A5| + |A1A4A5| + |A1A2A5|1 (1)
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and
|A1A3A4| + |A3A4A5| + |A2A3A5| + |A1A2A4| + |A2A5A4|1 (2)
that at least one of |A1A4A5|, |A1A2A5| and one of |A1A2A4|, |A2A4A5| are less than or equal to 14 .
(iii) If all |A1A3A4|, |A3A4A5| and |A2A3A5| are larger than 14 , (1) and (2) still hold. At this time, the area of any
triangle with vertices among {A1, A2, A4, A5} is less than or equal to 14 .
Next, by an example, we show that the number of triangles with area 14 or less can be exactly three.
As it was shown in Fig. 3, where the midpoints of three edges of the given triangle be connected, respectively. Then,
only A3A4A5,A2A4A5 and A1A2A3 have areas less than 14 .
3. Proof of Theorem 2
The next result will be useful in the proof of Theorem 2.
Lemma 2. If a triangle is contained in a parallelogram, then its area is not more than half of the area of the parallel-
ogram.
Let ABCD be the given parallelogram and let {M,N,P,Q,R} denote ﬁve points in it. Without loss of generality,
we assume that |ABCD| = 1.
We will call a triple of {M,N,P,Q,R} a good system if the convex hull of the triple has area 14 or less.
Let E,F,H and G be the midpoints of AB,CD,BC and AD, respectively, and let O be the intersection of EF and
GH. Clearly, EF and GH divide the parallelogram ABCD into four small parallelograms. By Dirichlet’s principle, one
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of the four parallelogram (say AEOG) contains at least two points of {M,N,P,Q,R}. Without loss of generality, we
assume that M,N ∈ AEOG (see Fig. 4).
Case 1: If OHCF contains at most one of the ﬁve points {M,N,P,Q,R}, we consider a point X, not contained in
the parallelogram OHCF, of {P,Q,R}.
Then the system {M,N,X} is contained in the parallelogram ABHG or in the parallelogram AEFD. By Lemma 2,
{M,N,X} is a good system. Since that X can be at least two points of {P,Q,R}, there are at least two good systems.
Case 2: If OHCF contains at least two points of {M,N,P,Q,R}, without loss of generality, denoted by P,Q, we
consider the point R as follows.
If R is in the parallelogram OFDG, then the system {M,N,R} is contained in the parallelogram AEFD. Considering
that {P,Q,R} is in the parallelogram GHCD, so both {M,N,R} and {P,Q,R} are good systems. Thus there are at
least two good systems.
By the similar argument, if R is in the parallelogram EBHO, then there are at least two good systems.
If R is in the parallelogram OHCF or AEOG, without loss of generality, we assume that R is in the parallelogram
OHCF. We consider the convex hull of {M,N,P,Q,R}, and this convex hull must be contained in the convex hexagon
AEHCFG (see Fig. 5). But
|AEHCFG| = 1 − 18 − 18 = 34 ,
so we discuss the problem as the following three sub-cases.
(i) The convex hull of {M,N,P,Q,R} is the convex pentagon MNPQR (see Fig. 6).
We have
|MQR| + |MNQ| + |NPQ| 34 .
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Thus among {M,Q,R},{M,N,Q} and {N,P,Q}, there is at least one good system. Since that {P,Q,R} is in the
parallelogram OHCF, it is a good system. Therefore we get at least two good systems.
(ii) The convex hull of {M,N,P,Q,R} is a quadrilateral.
We denote it by A1A2A3A4 and denote another point by A5 (see Fig. 7).
Connecting the point A5 with Ai (i = 1, 2, 3, 4), respectively, we have
|A1A2A5| + |A2A3A5| + |A3A4A5| + |A4A1A5| = |A1A2A3A4| 34 .
Thus among {A1, A2, A5}, {A2, A3, A5}, {A3, A4, A5} and {A1, A4, A5}, there are at least two good systems.
(iii) The convex hull of {M,N,P,Q,R} is a triangle.
We denote it by A1A2A3, and another two points are denoted by A4, A5, respectively.
Connecting the point A4 with Ai (i = 1, 2, 3), respectively, we have
|A1A2A4| + |A2A3A4| + |A3A1A4| = |A1A2A3| 34 .
Thus among {A1, A2, A4}, {A2, A3, A4} and {A1, A3, A4}, there is at least one good system. By the similar argument,
A5 with some two points of {A1, A2, A3} is a good system. Therefore we get at least two good systems (see Fig. 11).
Next, by an example, we show that the number of good systems can be exactly two.
Take a point M at the edge AD of the parallelogram ABCD and take a point N at the edge AB such that
AN :NB = AM:MD = 2: 3,
then there are exactly two good systems in {M,N,B,C,D} (see Figs. 8 and 9).
In fact, obviously, {B,C,D} is not a good system.
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If the good system contains one of {M,N}, without loss of generality, we assume it containsM. Suppose themidpoint
of AD is E, then
|MBD|> |EBD| = 14 .
Thus {M,B,D} is not a good system and
|MBC| = 12 , |BCD|> |ECD| = 14 .
Therefore {M,B,C} and {M,C,D} are both not good systems.
If the good system contains both M and N, then
|MNC| = 1 − |NBC| − |MCD| − |AMN |
= 1 − 35 |ABC| − 35 |ACD| − 425 |ABD|
> 14 .
Thus {M,N,C} is not a good system. But
|MNB| = |MND| = 15 < 14 ,
therefore there are exactly two good systems {M,N,B} and {M,N,D}.
4. Proof of Theorem 3
Without loss of generality, we assume that |F | = 1.
Firstly, we will show that G(6, F )4.
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Since S(F ) = 5, there exist ﬁve points {A1, A2, A3, A4, A5} such that the area of any triangle with vertices from
them is greater than 14 . Let A6 be in the interior of F such that A6A1 = , where  is a positive number such that
|A6AiAj |> 14 , 2 i < j5.
Thus the area of every triangle with vertices from {A1, A2, A3, A4, A5, A6} is greater than 14 except for A1A6Ai (i=
2, 3, 4, 5). Therefore we have
G(6, F )4. (3)
Secondly, we will prove that
G(6, F )4, (4)
i.e., for any six points located inside or on the boundary of F , we can ﬁnd at least four triangles with vertices from
these points whose areas are 14 or less.
Denote these six points by {A1, A2, A3, A4, A5, A6}, we consider the convex hull of these points as the following
four cases.
Case 1: The convex hull of {A1, A2, A3, A4, A5, A6} is the hexagon A1A2A3A4A5A6.
In Figs. 10–15, label the triangles with number 1, 2, . . . , 18, respectively, such that different triangle corresponds to
different number. Denote the area of kth triangle by Sk and let |A1A2A3A4A5A6| = S.
Suppose there are only three triangles with areas 14 or less, we will prove (4) by contradiction.
Since
S1 + S4 + S7 + S8 = S1,
we know that there is at least one less than or equal to 14 among {S1, S4, S7, S8} (see Fig. 10). By the similar argument,
we know that there is at least one less than or equal to 14 among {S2, S5, S9, S10} (see Fig. 11) and {S3, S6, S11, S12}(see Fig. 12), respectively.
With our assumption,we know that there is exactly one less than or equal to 14 among {S1, S4, S7, S8}, {S2, S5, S9, S10}
and {S3, S6, S11, S12}, respectively. By the similar argument, we know that there is exactly one less than or equal to
1
4 among {S1, S4, S13, S14}, {S2, S5, S15, S16} and {S3, S6, S17, S18}, respectively (see Figs. 13–15), so there is exactly
one less than or equal to 14 among {S1, S4}, {S2, S5} and {S3, S6}, respectively and all S7, S8, . . . , S18 are greater
than 14 .
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Without loss of generality, suppose that
S1 14 , S4 >
1
4 .
Since (see Fig. 16)
S4 + S6 + S14 + S17 = S1
and all of {S4, S14, S17} are greater than 14 ,
S6 14 , S3 >
1
4 .
By the similar argument, from
S2 + S4 + S9 + S8 = S1,
we have
S2 14 , S5 >
1
4 .
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But from Fig. 17, we get that
1S = S3 + S5 + S11 + S15 > 14 + 14 + 14 + 14 = 1,
this is a contradiction. Thus our assumption is not the case. Therefore
G(6, F )4.
Case 2: The convex hull of {A1, A2, A3, A4, A5, A6} is the pentagon A1A2A3A4A5 and A6 is in the interior of
A1A2A3A4A5.
Suppose that there are at most three triangles with areas 14 or less, we will prove (4) by contradiction.
Let |A1A2A3A4A5| = S. From Fig. 18, it follows that
S1 + S2 + S3 + S4 + S5 = S1,
so there are at least two less than or equal to 14 among {S1, S2, S3, S4, S5}.
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Without loss of generality, suppose that S1 > 14 .(i) If A6 is not in A1A4A5 or A2A3A4, then (see Fig. 19)
S1 + S6 + S7 + S8 + S9 = S1.
Thus there are at least two less than or equal to 14 among {S1, S6, S7, S8, S9}. Therefore there are at least four less than
or equal to 14 among {S2, S3, S4, S5, S6, S7, S8, S9}, i.e.,
G(6, F )4.
(ii) Without loss of generality, suppose that A6 is in A1A4A5.
By the location of A6, we have the following three sub-cases.
(a) A6 is in A3A4A5 at the same time.
From Fig. 21, we can obtain that
S4 + S6 + S7 + S8 + S9 = S1,
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so there are at least two less than or equal to 14 among {S4, S6, S7, S8, S9}. Considering that there are at least two less
than or equal to 14 among {S1, S2, S3, S4, S5} (see Fig. 20), so
S4 14
and there is exactly one less than or equal to 14 among {S6, S7, S8, S9} and {S2, S3, S5}, respectively. And others are
greater than 14 .
From Fig. 22, we know that
S4 + S5 + S10 + S11 + S12 = S1,
so there are at least two less than or equal to 14 among {S4, S5, S10, S11, S12}. By our assumption, we obtain that
S10 >
1
4 , S11 >
1
4 , S12 >
1
4 ,
so
S5 14 , S2 >
1
4 , S3 >
1
4 .
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From Fig. 23, we get that
S3 + S4 + S12 + S13 + S14 = S1,
but
S3 + S12 + S13 + S14 > 14 + 14 + 14 + 14 = 1.
This is a contradiction.
(b) A6 is in A2A3A5 at the same time.
From Fig. 24, we can obtain that
S2 + S6 + S7 + S8 + S9 = S1,
so there are at least two less than or equal to 14 among {S2, S6, S7, S8, S9}.
From Fig. 25, we get that
S4 + S5 + S10 + S11 + S12 = S1,
so there are at least two less than or equal to 14 among {S4, S5, S10, S11, S12}.
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Therefore there are at least four triangles with areas 14 or less. This is a contradiction.(c) A6 is in A1A2A5 at the same time.
From Fig. 26, we get that
S5 + S6 + S7 + S8 + S9 = S1,
so there are at least two less than or equal to 14 among {S5, S6, S7, S8, S9}.
From Fig. 27, we can obtain that
S1 + S2 + S3 + S4 + S5 = S1,
so there are at least two less than or equal to 14 among {S1, S2, S3, S4, S5}.
Considering the assumption that there are at most three triangles with areas 14 or less, we have
S5 14 ,
and there is exactly one less than or equal to 14 among {S6, S7, S8, S9} and {S2, S3, S4}, respectively. And others are
greater than 14 .
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From Fig. 28, we know that
S1 + S5 + S10 + S11 + S12 = S1,
but all of {S1, S10, S11, S12} are greater than 14 , a contradiction.
By (a)–(c), we know that the hypothesis is not the case, so
G(6, F )4.
Case 3: The convex hull of {A1, A2, A3, A4, A5, A6} is the quadrilateral A1A2A3A4.
Let |A1A2A3A4| = S. Connecting A1A5, A2A5, A3A5, A4A5, without loss of generality, suppose that A6 is in
A1A2A5 (see Fig. 29).
Since (see Fig. 29)
S1 + S2 + S3 + S4 + S5 + S6 = S1,
there are at least three less than or equal to 14 among {S1, S2, S3, S4, S5, S6}.
(i) If A5 is in A3A4A6, then from Fig. 30, we get that
S1 + S6 + S7 + S8 + S9 + S10 = S1.
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Fig. 30.
Thus there are at least three less than or equal to 14 among {S1, S6, S7, S8, S9, S10}. Therefore there are at least four
less than or equal to 14 among {S1, S2, . . . , S10}, i.e.,
G(6, F )4.
(ii) If A5 is not in A3A4A6, without loss of generality, we suppose that A5 is in A2A3A6.
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Fig. 32.
A1
A2A3
A4
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A6
Fig. 33.
Suppose that there are at most three triangles with area 14 or less, we will prove (4) by contradiction.
From Fig. 31, we get that
S2 + S5 + S6 + S7 + S8 + S9 = S1,
so there are at least three less than or equal to 14 among {S2, S5, S6, S7, S8, S9}. With the above argument “there are at
least three less than or equal to 14 among {S1, S2, S3, S4, S5, S6}” and the assumption together, we know that there are
only S2, S5, S6 less than or equal to 14 and others are greater than
1
4 .
But, in Figs. 32, 33 and 34 (corresponding to the different cases of the relationship between points A5, A6 and line
A2A4), the quadrilateral A1A2A3A4 is divided into six small triangles among which there are at most two triangles
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Fig. 35.
with areas 14 or less. It is a contradiction. Therefore our hypothesis is not the case and we get that
G(6, F )4.
Case 4: The convex hull of {A1, A2, A3, A4, A5, A6} is the triangle A1A2A3.
Let |A1A2A3| = S. Connecting A1A4, A2A4, A3A4, without loss of generality, suppose that A5 is in A1A2A4.
A6 must be in some AiAjAk (1 i < j < k5). Connecting A6Ai,A6Aj ,A6Ak , thus A1A2A3 can be divided
into seven small triangles whose areas sum up to S1 (see Fig. 35 ). Thus there must exist four triangles with areas 14
or less, i.e.,
G(6, F )4.
Considering the previous result (3), we obtain that
G(6, F ) = 4.
If R is a regular pentagon with area 1, then G(6, R) = 4.
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Appendix A. Proof of Lemma 1
Without loss of generality, we assume that A1, A2, A3 are on the edges AB,AC,BC, respectively, and A4 is in the
interior of BA1A3. Suppose that the ray A2A4 intersects ABC at A′4 (see Fig. 36), then we can get that
|A1A2A′4| |A1A2A4|, |A2A3A′4| |A2A3A4|, |A1A3A′4| |A1A3A4|.
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Thus we can suppose that A4 is on the edge AB (see Fig. 37).
Without loss of generality, suppose that the intersection of A2A3 with AB is not on the ray BA, then
|AA2A4| |A1A2A4|, |AA3A4| |A1A3A4|, |AA2A3| |A1A2A3|.
Therefore we can let A1 = A (see Fig. 38). Suppose that BA3/BC = x, then CA3/BC = 1 − x. Suppose that
AA4/AB = p,AA2/AC = q, we will prove the result by contradiction.
If
min
1 i<j<k4
|AiAjAk|> 14 ,
then
px > 14 , q(1 − x)> 14 .
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Considering the fact that x(1 − x) 14 , we have
p>
1
4x
1 − x, q > 1
4(1 − x)x.
Therefore
|A2A3A4| = px + q(1 − x) − pq = x(1 − x) − (p − (1 − x))(q − x)x(1 − x) 14 ,
this is a contradiction.
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